,éu’Ata, ; AP® Calculus BC Ultimate Review Packet
moAT Unit 10 Study Guide ANSWERS

10.1 DEFINING CONVERGENT AND DIVERGENT INFINITE SERIES

1. Match the nth partial sum of the series Z a, on the left with the
n=1

corresponding solution on the right.

¢ -1 5 1
= e a, = —
n n2 3 8
n—2 7
S = a. = —
" n+5 ’; "2
5 29
S,=3—-n-2" a =—
8
5n? 5,531
S =3+ a, =
" n2+17 Z{ 720
2. An infinite series of numbers converges to a real number S if
and only if the limit of its sequence of partial sums
exists and is equal to S

3. Say whether the nth partial sum of the series Z a, converges or
n=1

diverges. If it converges, calculate the value of S.

5 3n?
S, =—+ converges, S =4
2 2n?-1
2 5 ,
S, =——>5n diverges
n
n®+1 1

S, = converges, S = —
n—-—3)2n+1) 2
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e2n
S, = converges, § =1
3+e
e” :
S =— diverges
2n

10.2 WORKING WITH GEOMETRIC SERIES

1. Circle any series below that are not geometric.

2 2
8+2+—+—+...
4 16

o0 n

a
2. The geometric series 2 ar” converges to l—r if
n=0
|r] <1 , and diverges if lr| > 1
0 3n
3. 22n+3
n=0

a. True or False? The series given is geometric.

True. We can rewrite the series as
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& 3" &1 3 1 /3)
%22n-8:n205'22n:%§<1>

b. True or False? The given series diverges.

3 .
False. |r| = 7 < 1. Therefore, the series converges.

c. If the series converges, find the sum.

4. For each series, find the constant ratio r, determine whether the series
converges or diverges, and find the sum.

Series r Converges or diverges Sum
D 1 5

Z o Converges -
~- 107+1 10 9
Z 8" 8 Diverges None
n=1

- (—1)" 1 1
2 =D —— Converges ——
o 6" 6 7
= e e Se
Z — Converges

~ 5n-1 5 5—-e
Z 3(0.75)" 0.75 Converges 12
n=0
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Z (In2)™" — Diverges None
n=0

10.3 THE NTH TERM TEST FOR DIVERGENCE

1 If lima, #0 __ then ) a, will diverge

n—od

n=1

2. Evaluate the limit of each series and circle the ones that diverge.

lim a, = —
n—co 3
< @n+5mn+7) ,
Z lima,=0
=1 (l’l + 1)2(1’1 - 5) n—oo

3n3 —12n%+5n—4
2n?2 —4n +7

lim a, = oo
n—oo

lim a, =1
n—oo
lima,=0
n—oo
lima,=1
n—oo
lima, =1

n—oo
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lima, =0
n+ 7 n— 0o
n=1
10.4 INTEGRAL TEST FOR CONVERGENCE
1. Let fbe a continuous , positive . decreasing
function on [1,00) and a, = f(n).
If J[ J(&x) dx is convergent, then Z a, is convergent . If
1
0 . n=1
J[ Jfx) dx is divergent, then Z a, is divergent
1
n=1

2. Circle the series below to which the integral test can be applied.

(=1)

M8

S
I
—_—

s
S
N

S
Il
—_

3. True or false? Explain your answer. Determine whether the series
converges or diverges.

o 1 1
a. If Z 27" then lim — . True, the series converges by
=1 a— oo 21H2 24 1112

the integral test.
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a

“ 1
Iim J 27%dx = lim —
a—o0 Jq a0 2XIn2

1

, 1 1
= Iim — — | -
a—co  291n2 2In?2
, 1 1 1 1
= lim — = - 0=
a0 2In2  291In2 2In2 2In?2

— 1
b. If Z P then lim — Ina. False, the series diverges by the
=1 I’l2 + 1 a—oo 2

integral test.

a
X
Iim J dx
a—oo Jq X2 + 1

Let u = x*+ 1 and du = 2x dx.

R , 1 1
hm[ dx = llm[a-—du

a—co Jq x2+1 a— 0 u

.1 5 ¢
= lim —1In|x~+ 1|

a—oo

1

= 1im—1n|a2+1|—51n2=oo

a—>oo

— 1 4
c. If Z , then lim — — . True, the series converges
=1 5n—1)2 a—oo 5(561 - 1)

by the integral test.

“ 4
lim [ dx
a—o00 Jq (5)6 — 1)2

Letu=5x—1and du =5 dx.
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[ 4 [4 1 J 4 1 4
= —_— e — aqdu = — —_—— = - —
(5x — 1)2 5 u? 5 u Su
“ 4 , 4 “ , 4 4
1m dx = lim — = lim — +
a—o Jq (5x — 1)2 a— oo S(SX — 1) 1 a— oo 5(561 — 1) 5(4)

10.5 HARMONIC SERIES AND P-SERIES

: o 1 : " :
1. The series Z— where p Is any positive real number, Is
n=1 nr oo
: : 1. :
called a p-series . The p-series Z—p is convergent if
n
n=1
p>1 and divergent if p=1 f
p=1 , we call the resulting series the harmonic
: o 1 : :
series, Z—, which diverges
n=1 n

2. Circle any series that converge by the p-series test.
3 3()
n=1 n 1 n=1 2
| 1
n=1 \/;

n_3
3. For each series, identify the value of p and use the p-series test to
determine the convergence or divergence of each series.

M8

3
I

18

1

3
I
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Series p Converges or diverges
i ! ! Diverges
—_— p fp—

n=1 \/Z 2

Z nz p=2 Converges
n=1 2

— |

D = p=7 Converges
n=4 n

00 1 .

2 —3 p=0.38 Diverges
n=1 ne

o) 5 .

D = p=1 Diverges
n=1 n

1 1 4
1 + + +... p=— Converges
22 343 3
4. True or False? Explain your answers.

n 4
converges for p > —.
n3p—2 3

0

a. The series Z
n=1

True. We can rewrite the series as

- 7 S
2 n3p-2 Z n3p-3

The p-series is convergent if p > 1, therefore

4
3Jp—-3>1 —= 3p>4 > p>§

© Krista King Math - Please do not share online. Requires license for classroom use.



,éu’Ata, J AP® Calculus BC Ultimate Review Packet
moAT Unit 10 Study Guide ANSWERS

X 1 —1/n
b. The series Z ;/_ converges with p = 2.
n

False. We can rewrite the series as

n=1 n=1 n=1 n=11

The series convergses because it’'s composed of two series
Withp=2andp=§.

2

c. The series Z is @ harmonic series for p = 1.

n2p+4

False. We can rewrite the series as

00 n 00
Y= Y

n=1 n=1

The harmonic series is the special case where p = 1.

2p+2=1 - pz—E

10.6 COMPARISON TESTS FOR CONVERGENCE

1. Supposea, >0 ,bh >0 ,and_ _a,<b, forall n._Then if Db,

converges, then 5 ay converges, and if _ay diverges,
then b, diverges.
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2. True or false? Explain your answer. Use the comparison test.

1 1 o
a. Since 0 < < for any n > 1, then the series

1
nd+2

n=1
1 1
converges True. Since we know that 0 < < —, then
n+2  n

Z S5 < Z— The series on the right is the convergent p
n

also

-series with p =5 > 1. Therefore, the series Z

n=1

nd+ 2
converges by the comparison test.

b. Since 0 <

for any n > 1, then the series

5 5 1
< =
V26n V250 +/n
Z . diverges. False. Since we know that
-1V 26n

0< . < > _ l,then : <ZL.Theserle ZL
V V \/_ 26n nl\/z n:l}/_

1 = 5 -
is a divergent p-series with p = — < 1. But since <
gent p- p=- Z Z

1V 26n n 1

1 :
and Z —— diverges, then the comparison test is inconclusive.
n

n=1

. 1 + si 2 1+ :
c. Since 0 < S < forany n > 1, then Z—Smn diverges.
107 107 e 107

) 1+sinn 2
False. Since we know that 0 < < , then

{ + 107 107
sin n
Y Z

n=0
1
which converges with r = m < 1. Therefore, by comparison test,

1 +sinn
the series Z o also converges.

n=0
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3. Match each of the following comparison series to the correct series in
the table below. Then determine whether each series from the second
column converges or diverges and the reason for it. Finally, determine
convergence or divergence of the original series.

2(:) - Ep I E(R) %0 Es

n=1 n= n=1 n=1 n=1 n=1

Series Comparison Con/Diverges Con/Diverges
o0 e—n (o'} .

Z Z e Converges (integral test) Converges
n=1n+c082n ~

Z Z <—> Converges (geometric series) Converges
- 8m+ 1 — 8

i nt -1 i : Converges (p-series test) Converges
~ n’+7 —~ n4 9es v d

2\ 2 1 . o .

Z Z — Diverges (harmonic series) Diverges
n=1 n n=1 n

- n —8n — | . : . :

Z Z - Diverges (harmonic series) Diverges
n:1n3+2n+1 “~n

& n? -1 = 1 , , ,

2 — Diverges (p-series test) Inconclusive

n=1 nZ\/Z n=1 nz

— n+2" > /1) , ,

Z Z <—> Converges (geometric series) Converges
—n+ 6" - 3
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4. Suppose we have two series Z a, and Z b, witha, 20 andbp, >0

n

foralln.L = lim —
n—>oo n

both series converge or both series diverge.

.If Lis __positive and finite , then either

5. What steps do we take to apply limit comparison test?

1. Find a series whose convergence can be easily determined.

a
2. Find the limit using the formula L = lim —=.

n—oo bn

3. Determine whether L is positive.

4. Using the second series and the value of L, determine

whether both series converge or both diverge.

6. For each series, find a comparison series whose convergence can be
easily determined. Then find the limit and using the limit comparison
test, determine whether each series converges or diverges.

a

Series Second series lim b—” Con/Diverges
S Snd 4 |

Z nor 2—3 5 Both converge
e 20/ n° + n? w—n N2

> ! W 1 Both

Z —— Z - oth converge
n=1 n=1

- 5+3" < 73\ ,

2 - 2 <§> 1 Both diverge
n=1 n=1

= +5 — |

Z L Z— 1 Both converge
~ (n+1)>3 — n?
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i \3/; ii 1 Both diverge

n=1 n—1 n=1 I’l%
- 1 — 1 1

— — Both diverge
; 3n+5 ’Z} n 3 J

10.7 ALTERNATING SERIES TEST FOR CONVERGENCE

1. An alternating series Z (—1)"a, or 2 (-=D)"la convergesif __ a,>0
and if a, is decreasing and limag, =0
2. For each series, determine whether or not a, > 0, and whether or not g,

is increasing or decreasing. Then find the limit of a, and determine
whether the series converges or diverges.

Series a, In/Decreasing  lim q, Con/Diverges
00 (_1)n+1 1 .

Z > 0 Decreasing 0 Converges
- 3n+1 3n+1

< (—1)" 1 :

2 —>0 Decreasing 0 Converges
n=1 \/; \/;

X (—1)" 2 2 1

Z =D n k > 0 Increasing - Diverges
~ 2n2+5 2n2+5

— 1 1 ,

> () Decreasing 0 Converges
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%) (_1)n+1 e e . )
" 3 >0 Increasing 00 Diverges
n=2

3. Match the nth partial sum of the series on the left to the values of p on
the right that cause the series to converge.

) (_ 1)n+1

Z npb+7 p>- 6
n=1

) 5\"

2 (_1)n+1 <_> p <0
n=1 p

D (= 1yEny p>5
n=1

— 1
Y (=1y1(Spy” p<—
n=1 S

10.8 RATIO TEST FOR CONVERGENCE

an+1
1 an’ ]

1. Let Z a, be a decreasing series and lim = L.

n—oo

. if L<1 , then Z a, converges.

.if_L>1 _ orifLis__infinite ,then ) g, diverges.

o if L =1 , then there is no conclusion.

2. Complete the table.
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a
Series a,. lim |2+ Con/Diverges/Inconclusive
n—oo a,
) 3 3
+ 1
Z & (n+ 1D 0 Converges
— (n+1)! (n+2)!
%) 12 12
+ 1 1
Z & u - Converges
— Sn 5n+1 5
— +2 +1D(n+3 .
Z nin +2) (n+ Din+3) 1 Inconclusive
= (n+4)n+ 5) (n+5)(n+6)
< 5—n)7" 4 —n) 7" 7
Z Sl 4-n — Diverges
— 3.5 3. 5n+l 5
0 5 5
+ 1
n—2 it ) 0 Converges
~ on 2 (n+1)?
— 71! 1!
il (n+ 1) 00 Diverges
=~ n 7n+1

10.9 DETERMINING ABSOLUTE OR CONDITIONAL CONVERGENCE

1. A series Zan is called absolutely convergent if Z |a,| is convergent. If
Zan is convergent and Z la,| is _divergent , then the series is
conditionally convergent.

2. True or False? Explain your answer.
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a. Z (—1)”+1n‘% is absolutely convergent. False.

n=1
Z ‘ (_ 1)n+ln—%
n=1

test. Z (—1)”+1n‘% is convergent by the alternating series test.

= Z n~3. This series is divergent by the p-series

n=1

n=1
1 . oy e
Therefore, Z (—1)"'n~5 is conditionally convergent.
n=1
sinn | . — |sinn — |sinn|
b. 2 Is conditionally convergent. False. 2 = 2 ,
n? n? n?
n=1 . o =1 n=1
, | sin 7 | 1
and |sinn| <1, so we have < —. Z— converges by the p
n? n? n?
n=1
|sinn | :
-series test, so Z also converges by the comparison test.
n=l1 n
sin n .

Therefore, Z Is absolutely convergent.

C i - dlverges True. Z M = i " This series
e n2+ n?+7 2+
diverges by the nth term test. ZL diverges by alternating
o n2+17
1 n
series test. Therefore, Z L diverges.
pr n2+17

10.10 ALTERNATING SERIES ERROR BOUND

1. Complete the sentence about the error of the approximation.
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00 (_1 n+1 25 (_1)n+1
a. is approximated using the partial sum . The
;2113—3 PP 9 P ’;2113—3
error bound is negative and so the approximation is an
overestimate
00 (-1 n+1 16 (_1)n+1
b. Z is approximated using the partial sum Z . The
o n3” - n3"n
error bound is positive and so the approximation is an

underestimate

2. Find §, as the approximation to the sum of the infinite series using the
given number of terms. Set up an inequality to determine the maximum
error for the approximation and find the maximum error. Then find an
interval where the sum converges.

Series S, Max error inequality Closed interval
& (=)t 14 5
Z( ) n(4) Sy =— |R,| £ — 0.152 <§<0.193
e 81 243
& (—1)" 11 1
> (6) Ss=— |Rs| < —— 0.183 <5 <0.184
o 2n! 60 1,440
0 (_1)n+1 5
(3) S, =4.351 |R;| <2.5 1.851 <85 <6.851
\/— 3 3
n=1 n
— (—1)"\/2n+5
Y D (10) S,,=-0.865  |R,,| <0.470 ~1.335 <5< —-0.395
n=1 V n2 + 1
00 (_1)n+1 9)
(5) S. = 0.559 |Rs| <0.019 0.54 < S <0.578
Z 3n? : :
n=1
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3. Set up an inequality to determine the minimum number of terms needed
to find the sum of the infinite series with an error less than 0.01. Solve
each inequality to find the minimum number of terms needed.

o (—1)" 1
a. ,then |R | <— <0.01.
> IR, | <—

2
n=1 n

|R,| < < 0.01
2n+ 2
08
2n+2>100 - 2n>98 — n27=49
S0 49 terms are needed.
= 5(—1)" 5
b. Z ( ),then IR,| < < 0.01.
n=03n+1 3n+4
5 5
|IR,| < = = < 0.01
3n+1)+1 3n+3+1 3n+4

3n+4

>100 - 3n+4>500 - 3n2>496

496
n ZT - n>1653

So 166 terms are needed.

C i(_l)nﬂ then |R | < ! <0.01
.n=1 nt AR A

|R,| < <0.01
(n+1)*

m+D*>100 = n+1>4/100 — n+12>3.162
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n>2.162

So 3 terms are needed.

10.11 FINDING TAYLOR POLYNOMIAL APPROXIMATIONS
OF FUNCTIONS

1. A power series about x =ais a sum of _constants multiplied by
powers of __ (x —a)

2. Match the following four expressions to its corresponding statement
below.

a. Taylor polynomials have the following form.

/ . /1 N2 11 N3
P (x) = f(a) +f (a)(x —a) +f (a)(x —a) +f (a)(x — a) N

1! 2! 3!
b. The coefficient of the nth degrnee term in a Taylor polynomial for
a function f centered at x = a. / (?)
n.

c. Maclaurin polynomials are Taylor series that are used to
approximate function values about. x =0

d. The coefficient of the nth degfrne(g) term in a Taylor polynomial for

a function f centered at x = 0. '
n.

3. Use the information given in the table below to write the first four
nonzero terms of the Taylor series of each function.
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a f(a) f'(a) f(a) f"(a)
e 5 1 2 8 16
x — — — —
9 81 729 2,187
2(x) 1 3 14 14 6
h(x) 2 11 15 22 12

f0) = == + (5 = 5) = (X = 5 + ——(x = 5)°
9 8l

729 6,561
g)=34+14x-D+7x -1 ?+x-1)°
h(x) =11+ 15(x —2) + 11(x = 2)* + 2(x = 2)°

4. Match each function on the left with the corresponding 3rd-degree
Taylor polynomial.

atx =2

J) =

e+£(x—2)+£(x—2)2+i(x—2)3
x+ 1 2 8 48

. 1 1
f(x) =sin2xatx =0 (x—2)—5(x—2)2+§(x—2)3

1 1( 2)+1( 2)° 1( 2)°
— ——(x - — =2y = -
9 27 81

f(x)=e%atx=3 3

f(x) =cosx at x =%

_ _ \/g z\° 1 7\
fx)=Inx—1)atx =2 —T<x—g) +E<x_€>
f(x) = sin <x+§> atx =0 2x—§x3

5. True or False? Explain your answer.
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CDm+2)

(n+1)3n
n > 1, then the coefficient for the term containing x> in the

a. If the nth derivative of fat x = 0 is given by f™(0) =

5
Maclaurin series is ———. False.
108

w0+ L@ LD SO

-1»’G+2) -1-5 5

111 — £(3) — — -
PO =1 == 5 =427 = " 108

5
'O _ s _ 5
3! 1-2-3 648

(b'nt
(n — 3)2n

n > 1, then the coefficient for the term containing (x — 5)* in the

1
Taylor series is o True.

b. If the nth derivative of g at x = 5 is given by g™ (5) =

g"(5)

22
(x—=35)"+ 3

(x=5)°

o) — o5+ £ HE)

T x=35+

(4)( )

(x=35)*+

(-D*4! 2.3.4 3
@)(5) = o@)(5) = _ _2
0= =T T T 16 2

3
gPS 7 1

41 41 16

c. The coefficient for the term containing (x + 1)’ in the Taylor
polynomial centered at x = — 1, of f(x) = x> +2x> —x, is 1. True.
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SED oy FED g LED

1! 21 31

Dy LED
41 5!

p(x) =f(=1) +

(x+1)°

+ (x + 1)

fi(x) =5x*+6x2 -1
F(x) = 20x3 + 12x
£(x) = 60x2 + 12
FP(x) = 120x
) =120

FO=1) =120

ARGV 120 _,
51 1.2-3-4.5
6. Approximate the following functions around x = a and then approximate
fla+0.3).
Jx) a f(a) f(a [ffa P)x) fla+0.3)
14+5x+2x>=3x> 2 -5 =23 32 —-5-23x-2)—16(x—2)> —13.34
1 1

sin — z 1 0 = l——(x—2? 0.989

2 4 8

1 1 1 1 1 1 | B
 — 0 — - — ———Xx+ X 0.323
/2x+9 3 27 81 3 27 162
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10.12 LAGRANGE ERROR BOUND

1. Using the Lagrange error bound, write the appropriate meaning of each
term.

M|x—a|n+1

IRl < (n+1)!

R, remainder (error)

X the given x-value

a the center point of the polynomial

n degree of the polynomial

M maximum value between g and x

2. Estimate the given functions using a Taylor polynomial about x = 4, find
the value of M, write the Lagrange error bound, and find the lowest
degree polynomial that assures an error smaller than 0.001.

Function a M |R,| < n

(1.77 — 2z)**!
(n+1)!

cos(1.7x) 2r 1 |R,(1.77)| <

e(0.90 — 1)1

090 1 e IR (0.90)| <
(n+1)!
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. (_0.2)n+1
sin(—0.2) 0 1 |IR,(=0.2)| < 3
(n+1)!

3. Use the Taylor polynomial for each of the following functions about
x = a to approximate the value of the function, then find the Lagrange
bound for the error, and find the interval [a, b].

x?  x*

a. cosx=1——+—,x =0, cos(—=0.9) =
21 4!

—-0.9?% (=0.9)
cos(—09)=1— ( X ) + ( 20 ) = 0.6223

1-(=0.9)°
6!

|R,(—0.9)] < = 0.0007

0.6223 — 0.0007 < cos(—=0.9) < 0.6223 + 0.0007

0.622 < cos(—0.9) < 0.623

x X x®

b. ef=14+x+—+—+—,x=0,e ! =
2! 3

| 4]
1 1 1 3

f-H=1-14———4+—===0.375
2 6 24 8
60(—1)5

|Ry(—=1)| < — = 0.008

0.375 — 0.008 < ¢~ ! <0.375 + 0.008
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0.367 < e~ ! <0.383

C. fX)=5+2(x—-3)— %(x —3)2+ %(x —-3)%, |fP@| <6,f3.2) =

f(3.2) =5+2(0.2) — 2(0.2)* + %(0.2)3 = 5.331

|R;(3.2)| < = 0.004

6(0.2)*
4)

5.331 — 0.004 < £(3.2) < 5.331 + 0.004
5.327 < f(3.2) < 5.335

! S —4)? 3
d. 24+—(x—4)-=2 1O < ——, x =4, f(5) =
=4 > P < e x =4 f6)

11
5)=2+4——— =2219
16) 4 64

3 3
75c(D

3!

= 0.002

|R,(5)| <

2.219 -0.002 < f(5) £2.219 4+ 0.002

2217 < f(5) < 2.221
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10.13 RADIUS AND INTERVAL OF CONVERGENCE OF POWER SERIES

1. Complete the sequences.

(0o}
a. A power series is a series of the form 2 C,(x—a)", wherenis a
n=0
non-negative integer

a
b. Use the ratio test for a power series L = lim rtl | where a, =
n—o0 a,
Cn(x —a)"

« if L is infinite, then R =0

- ifL=0,then R =

. ifL:K|x—a|,thenR:l

K

c. From the ratio test, the series converges when L <1 and

diverges when L>1

d. The interval of convergence is just the interval when _|x—a| <R
Oora—R<x<a+R.

2. For the following power series, write q,_,, find the limit using the ratio
test, and find the radius of convergence.

a
Power series a, lim |2+ R
n— 0o a,
°° "(x +2)" - D"+ D(x + 2y 1
Z( )(x ) (=D (n+ x+2) LAY 3
—~ 3n+l
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00 —5 2n -5 2n+2 -5 2
2 (x—=3) (x—=135) (x—135) \/5
= (n+ D(=2) (n + 2)(=2)m+! 2
D 2 (n + 1)2x"+! | x| 1
n=0
Z(n+ D!(x — 5)" (n+2)!(x — 5! 00 0
n=0
00 + 3)(=2)" +3n+1_2n+1 1
Z(x )'(—=2) (x+3)"(=2) 2x+ 3] 1
- 2n+1) 2n+3) 2
(n+ 1)(x — 4)"*!
0 00

i n(x —4)"
~ (Bn+1)!

Bn+4)!

3. True or False? Explain your answer.

a. The interval of convergence of the series Z

True. Iim

(x —35)"

n

is4<x<6.

n=1

an+1
a,

= |x —5|. The series converges when

|lx=5|<1,s0-1<x-5<land4<x<6.

n n

o 4-=5" & (=1)
At x =4, Z ( ) Z =D . This is the alternating harmonic
n=1

n=1

series, which converges.

— (6—5" &1 ,
At x =6, Z ( ) = Z—. This is the harmonic series, which
n

n

diverges.

Therefore, the interval of convergence is 4 < x < 6.
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I’l

b. The interval of convergence of the series Z— is =5 <x<5.
n=0

X

a 1 .
et Z|. The series converges when

a

False. lim

n—oo

X
—| <1,
5

n

so—1<§<1and—5<x<5.

5)" = : .
At x = -5, Z = ) = Z (—=1)". By the geometric series test,
n=0
the series dlverges.

I’l

At x =5, Z Z 1". By the geometric series test, the series

n= 0 n=0
diverges.

Therefore, the interval of convergence is -5 < x < 5.

(x+5)" <
T (n+ 1)(=5)"

c. The interval of convergence of the series Z

—10 < x <0.
. Apt1 x+5 .
True. lim = . The series converges when
n—-oo a,
+5 + 5
. <1,so—1<x <Il,-5<x+45<5 and -10< x < 0.

—10+5)" — | ,
At x = - 10, Z ( ) = Z . By the integral test, the
(n+ 1)(=5)" =1n+1

series diverges.
0+ 5)" < < (=D
— _Z Z . By th
Atr=0, Z(n+l)( 5y (n+1)( S A y the

alternating series test, the serles converges.
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Therefore, the interval of convergence is —10 < x <0.

10.14 FINDING TAYLOR OR MACLAURIN SERIES OF A FUNCTION

1. Match the function on the left with the corresponding power series.

Function Series
X2 x3 X4
COS X 1 +x+ + + +
2! 31 4]
e~ L+x+x2+x2+x4+...
1 x2  x* x®
l——+—+—+
1 —x 2! 4! 6!
, X X
S1n x X — + — 4+ ...
3151 7!

2. True or False? Explain your answers.

a. The first three non-zero terms of the Maclaurin series for

B sin(—x?) { xr a8 -
f(x)_Tare— +§—§. rue.
. 30,5 4T
SINX = X — + — +
3t 507!
2\3 2\5 27
N N G o M e 0 B G
sin(—x<) = (—x°) 3 5 7 + ..
6 10 14
= —x"+—— + +
3! 5! 7!
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sin(—x?) X X X
— =+ ———4+—=—+...
x2 35t 7!

b. The first three non-zero terms of the Maclaurin series for

) =

0
are 1 + —x + —x2. False.
5—x 5 25

3 1 3 x  x? X3 3 3x  3x? 3x3
- —|==(l+4+—=+—+... |2+ —+—+—+...
5\1 -5 5 5 25 125 5 25 125 625

c. The first three non-zer<6) terms of the Maclaurin series for

f(x)=xe™ are 1 —x3 + % False.

x> X3
er=l+x+—+—+...
2! 3
312 3\3 6 9
—X —X X X
e_x3:1+(—x3)+( )+ )+...:1—x3+———+
2! 3! 2! 3
6 9 7 10
X X X X
xex3=X<1—x3+———+...>:x—x4+———+
2! 3! 2! 3!

3. Match the following Maclaurin series on the left with the corresponding
expression for f(x) on the right.

Maclaurin series Function
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x2  x* oy x2n 1
l+—4+—+—+...+
21 41 6! 2n)! \ /1+8x3
0 —1 n.2n+3
Z (=D —x? sin(—x)
“~ Qn+1)!
1 —8x° + 64x0 + ...+ (—=2x)" cos 2x
,  2x* (—4)"x2" 1 ~
l-2x"+—+ ...+ —— —(e*+e™)
(2n)! 2
0 — 1) x"
Z ( ) Y x2 COS)C2
- n!
) x4n+2
_1 n e—x
’E)( ) (2n)!

4. Write the function that we need to use to evaluate each Maclaurin

series.
f(x) Value
71.2 72'4 ( 1)1171.271
l-——+—4+.. . +— COS X cosw =1
2! 4 (2n)!
3" 3
l+3+—+...+— e’ e
! n!
23 25 (_ 1)n x2n+1 . .
-4+ —+...+ sin x sin 2
21 51 2n+1)!
2 3 n 1
1+24+2°4+2°+...+2 N —1
— X
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o0 2n

X
a. zz;) pr , then f(1/In5) = 5
00 (_1)nx4n T B

b. %W’ thenf<\/%> = 0

c. i (—1)"x*", then f(y/7) = _
n=0

10.15 REPRESENTING FUNCTIONS AS POWER SERIES

1. Match each of the following power series of f(x) with the corresponding
power series of f“(x) and then evaluate 7(0).

Power series of f(x) Power series of f"(x) £1(0)
(_ 1)n+13x2n

00 (_l)nxn—l
2n)! Z (n—1)! —=1

M8

3
I
o
3
o

i (= 1)t x"+! i (2n +2)2n + 1)x*" X

= (n+1)! s n!

X ()2t i (= 1)+13x2n-2 ;

“~ 3020 +1)! ~ (2n-2)! -
o\ 2n+2 i (_l)nx2n—1 |
& n! & 302n-1)! — 3

2. True or False? Explain your answers.
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— n+ 1 !
a. f(x) = Z_;) Y x", then [O f(x) dx = 3. False.
: 'S+l S (n+l
‘;) f(x) dx = L r;) T dx = %‘;} Tt dx
R N T LN WL B P!
ZIE) I+l 4] . - L 3eet | :n=0 3n+1

-2(5) -23()

n=0

1
This is the geometric series with the first term 3 and common

1 1
| 3
ratio E’ SO

_3
_1 2 9
1 3 3

& n+2 ! 4
b. f(x) = ZnTan’ then J f(x) dx = 3 True.

n=0 0
! l & n+2 < (fn+2
[ fx) dx = J I et gy = ZJ DX ol dy
0 0 =0 4 n=0"0 4
_in_l_z xn+21_ooxn+21_i1
n=0 ar n+2 0 n=0 ar 0 n=0 ar

This is the geometric series with the first term 1 and common

1 1 1 4
ratio Z’ SO

13 3
1 4 4
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