,éu’Ata, ; AP® Calculus BC Ultimate Review Packet
MoATH Unit 9 Practice Questions ANSWERS & EXPLANATIONS

dZ
m1. Givenx() =+ —3t*+4 and y(¢) = 6> — 2t, find —}; when r = 3.

dx
24 20
A — B —
9 9
100 24
= o
243 9
Solution: C

Find the first derivative of the parametric curve.

dy
dy _ 12t -2

dx 4 32— 6¢
dt

Use the first derivative, along with quotient rule, to find the second
derivative of the parametric curve.

d (dy (12)(3¢% — 61) — (12 — 2)(6t — 6)
d’y  ax \dx (312 — 61)2

dx? dax 312 — 6t
dt

36 = T2 =720+ 72+ 12t - 12 —123° — 1+ 1)
- (312 — 61)° - Ge-6r)3

Evaluate the second derivative at r = 3.

d?y —123(3)*=3+1) —-1227-3+1) 100
——=3) = = = —
dx (3(3)% — 6(3))3 (27 — 18)3 243
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H 2. Write the equation of the tangent line at ¢t = g for the parametric

equation x(r) = — cost and y(r) = sint.

SEBl) ()
C y+\/2§=\/3§<x—l> D y+%=\/§<x—£>

2

Solution: A

Evaluate xand y atr = g

(5)=(5)=
'(5)=n(3)-

Find the slope of the tangent line. With x'(r) = sint and y'(r) = cost, then the
first derivative is

ST

dy
dy 7  cost

dx 9%  sint
di

3 2

Finally, write the equation of the tangent line.
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s

Y >

H 3. Which of the following %ives the length of the curve defined by the
parametric equations x(7) = §t3 and y(t) =t> fromt=1tot =37
"3 3

A 1 +2¢ dt B 1 + 472 dt
J1 J1

-3 3
C 212 + 2t dt E At* + 4% dt
J1 J1

Solution: D

When we plug the derivatives x'() = 2t* and y(¢) = 2¢, and the given interval,
into the formula for arc length we get

e f
L=| J&@P+0) dr

3
L= \/ Q22 + (202 dt
J1

3
L= V4r*+4¢* dt
J1

W 4. Find the velocity vector given the position vector (¢Int, In#?).
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Solution: B

The velocity vector is represented by (x'(¢),y'(r)), so we’ll take the
derivatives of each component of the position vector.

1 1
t{— )+ (Dlnt,—20)
t 12

2t
l1+Int,—
t

Bl 5. The position of a particle moving in the xy-plane is given by the

d 5
parametric curve f(x) = (x(¢), y(t)), where 2 ' and 7? = Etz. If

5
f(1) = <e - 2,§>, use a calculator to find f(3).

A (180.770,15) (98.428,15)

C 99.061 D 181.391

Solution: B
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To find position at a specific time, the initial condition must be added to
the integral over the interval that spans the starting time to the ending

time.
3 3
5 5
<e —2 + J ?e’ dt,— + J —t2>
1 9 1 3

Use a calculator to find (98.428,15).

MW 6. For time r > 0, the position of an object moving in the xy-plane is given
by the parametric equation x(¢) = cos 2t and y(¢) = — 3t* + 7t. Which of the
following represents the speed of the object?

1
A [ \/(0052t)2+(—3t2+7t)2 dt
0

B \/ (cos 2672 + (=312 + T1)°

1
C [ \/(—ZsinZt)2+(—6t+7)2 dt
0

E \/(=25in 207 + (=61 + 77

Solution: D

Substituting the derivatives x'(r) = — 2sin2f and y'(rf) = — 61 + 7 into the
formula for speed of a parametric function is given by

V@OP + @)
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\/ (=2 sin 20)% + (—6¢ + 7)2

B 7. What is the slope of the line tangent to the polar curve r = sin(260)

2
when 0 = il
3
34/3
_— B 1
5
34/3
= > -
5
Solution: C

With y = rsin8 and x = r cos 8, we can say
y =rsinf = sin(20)sin 6
x = rcosf = sin(20)cos 0

Then the slope of the tangent line is

dy
dy o _ 2co0s(20)sin 6 + sin(20)cos 6

dx % ~ 2¢08(20)cos O — sin(20)sin O

2
At 0 = ?ﬂ the slope is
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4 2 4 2 2<—l> ﬁ —£<—
dy ~ 2c0s=sin ==+ sin = cos = 2 2

3 3 3

3
2
4 2 . dz . 2
dx  2cosZEcos Z — sin ZEsin = 1 1 V3
3 3 3 3 21l—=)—=)— e

0
) ()

H 8. Use a calculator to find any points on the interval 0 < 0 < g at which

the slope of the tangent line to r =2 — 3sin @ is horizontal.

l. & = 0.340
ll. & = 0.730
ll. & = 1.571
| only B Il only
C | and I D Il and il
Solution: A

d d
Horizontal tangent lines exist where d—z =0 and d—; #+ 0.

y=rsinf
y=(2—3sinf)sinf

y =2sinf — 3sin* 0
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dy :
— =2cos@ —6sinf cosf
do

So horizontal tangent lines exist at
2cos@ —6sinfdcosd =0
2cos@(1 —3sinf) =0

6 = 0.340

B 9. Which integral represents the area of the inner loop of r =1 + 2 cos 6.

4z

3 T
A [ (1 + 2 cos 0)* db B [(1+2cos9)2de
= 0

4z
3

1 1 ("
5{ (1 +2cos6)* db D 5{ (1 + 2 cos 6)* db
2r

3 0

Solution: C
Solve r =0 to find the bounds for the integral.

1+2cosf@ =0
1
cosf = — —
2
0 =—, —
3 3

So the area bounded by this part of the polar curve is
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4

1 ¢ 2 1 ’ 2
A= 5 (r(0))” do = 5 (1 +2cosB)” do
a 2

3

0\.7§n

-
/ ¢
/\
/
/
/
/

/
/

+ — } +—+
|-2.4 -2 -1.6 | -1.2 -0.8 0.4
I \ v\

Ml 10. Find the area enclosed by r =1 —cos@d and r =1 as shown in the graph

above.
3 5n
A — =2 — =2
4 4
3 5
c 2io p 2242
4
Solution: B

The area contained between the two curves consists of the left half of the

circle r =1, plus the area insi]cgle r =1 —cos @ to the right of the vertical axis.
The area of the half circle is > so total area is

T 1 2 5

A=—+2|— (1 —cosB)” db

2 2/
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ST

A:§+J 1 —2cos0 + cos20 do
0

Use the power-reducing formula for cos? 6.

2 1 + cos 26
+J 1 —2cos@ + czos do

0

A=

N |y

z
2

V4 , 1 sin 26
A=—+10—-2sin0 +—0 +
2 2 4

0

r x .z 1 z\ O <23) | 1 sin(2(0)
A=—+——-2sin—+—| =)+ — ([ 0—-2sin(0) + =(0) + ——
2 2 2 2\2 4 2 4

T T sinrm
A=—+—=-2()+—+
2 4
Sz
A=— -2
4

M 11. A particle moves along the xy-plane, and the position of the particle at
time r, measured in seconds, is represented by (x(7), y(r)), measured in
centimeters. The particle starts at the position (0,0) at r = 0, and

x'(t) = 2.5cos(3¢) and y'(r) = 4 sin(1.51).

a. Find the speed of the particle at time r = 4 seconds. Indicate the
units of measure.

b. At time r = 1.5 seconds, use a calculator to determine whether

the speed of the particle is increasing or decreasing. Explain your
answer.

© Krista King Math - Please do not share online. Requires license for classroom use.



,éu’Azfa, ; AP® Calculus BC Ultimate Review Packet
MoATH Unit 9 Practice Questions ANSWERS & EXPLANATIONS

c. Use a calculator to find the total distance the particle traveled
fromr=1tor =4 seconds.

d. Find the x-coordinate of the position of the particle at timer =2
seconds.

Solution:

a. The speed is given by

() =/ @C@P + 0

S(f) = \/ (2.5 cos(3)% + (4 sin(1.50)?

s(f) = \/ 6.25 cos?(3f) + 16 sin?(1.5¢)

Atr =4,

S(f) = \/ 6.25 cos2(12) + 16 sinX(6) ~ 2.481 cm/sec

b. Use a calculator to find s'(1.5) ~ — 4.940. Since s'(1.5) < 0, the speed of the
particle is decreasing at r = 1.5 seconds.

c. Use the arc length formula and a calculator to find

rp
L=| \/&@?+ )y d

~4
L= \/ (2.5 cos(30)% + (4 sin(1.50)? dt ~ 9.867
J1
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d. To find the position value at a specific time, the initial condition must be
added to an integral with bounds from the start time to the end time.
Use a calculator to evaluate the integral.

2 2

x'(r) dt = [ 2.5cos(3t) dt =~ —0.233
0

x(2):O+"

0
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